EFFECT OF VISCOSITY ON THE STABILITY OF AN ELECTRIC ARC

A. A. Bobnev UDC 539.951.8:621.3014.531

§1. Assuming the plasma to be thermal and neglecting radiation and change of density
due to electromagnetic forces, we write the equations for a steady electric arc burning in a
cylindrical channel without a gas flow in dimensionless form as follows (see, for example,
(1h:
AN’V + E2(T) = 0,
(Ur)rHY = o(T), oT =1, ' (1.1)
¢p = cp(T), J = Eo(T), Ho = EH.

As the boundary conditions we can choose
Tpmo=1, Tirmo=Hjpmo =0 (1.2)
for a given value of E = const.

The scales of temperature T, density p, thermal conductivity A, electrical conductivity
o, and specific heat at constant pressure c_ are the values of the corresponding parameters

on the axis of the channel Ty, pp, Ap» Ops and Cpm+

The radius of the channel is chosen as the scale of length, and as the scales of -elec-
tric field strength E, inherent magnetic field strength Hy, and current density J, we choose,
respectively,

En= (1/Rm)Vkam/0'm1 Hp = EpOmBy Iy = EpSp.

It should be noted that, in addition to Egqs. (1.2), T = Tg, where Ty is the dimen-

le=1
sionless temperature of the wall, can also be chosen as a boundary condition; TR can be de-
termined from the three boundary conditions for an equation of second order [the first equa-—

tion of system (1.1)] with unknown constant E. o

We write the linearized dimensionless equations for perturbations in the form

div (\y0 + (dMAT)ByT) = pcp(@8/0t + v-yT) — E-j — e-J,

pov/ot = —yp + ST X h + j X H) + (1/P) Div T,
aglat + div (pv) =0, gT + 6p = 0,
j = oe + E{do/dT)0 4- Riov X H,

rot h = j — R,0e/dt, rot e = —R,0h/3¢t, divh = 0,

(1.3)

where v, p, 6, h, e, j and g are the perturbations of the velocity vector, pressure, tempera-
ture, magnetic field strength vector, electric field strength vector, current density vector,
and plasma density, respectively, 1 is the tensor of the viscous stresses; § = ueJmHmtT;/mem=
Ue X cmec;manlllm is the Stewart number: p, = 4w*10~7 kg*m/C*® is the magnetic permeability;
th = pmcmelzn/Am is the characteristic time; P = mex;/”mtm = )\mcpmum is the viscosity parame-
ter; uo is the dynamic viscosity on the axis of the channel; and R, and R, are dimensionless
parameters determined by the formulas
Rl = l“ecm)"m/pmcpmi Bz it Se;"m/cmpmcmevzn

(ee is the dielectric permittivi;:y).
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We shall estimate the orders of magnitude of the dimensionless parameters occurring in
the system of equations (1.3). Assuming that yp, ~ 107¢, Op ~ 10%, T, ~ 10%, pp ~ 1072, a -

1, cpp ~ 10°, Ry ~ 107%, y ~ 107%, and €e ~ 107'? (values of the scaled quantities are given
in SI units), we obtain § ~ 10%, P ~ 10, R, ~ 10-%, and R; ~ 10™*%, . In the future, we shall
neglect terms in the system of equations (1.3) containing the parameters R, and R,.

Describing the system of equations (1.3) in projections, we shall find the solutions for
the unknown functions in the following form:

o, r, g, 2) = (B(r)/A)G,
vlt, 1y @, 2) > V(G, he(t, 1, @, 2) - ER(G,
eft, r, ¢, 3) = Ee(r)G, ptt, r, ¢, 3) = Sp{r)G, : 1.4)
vt 1y @, 2) = (W(r)/ik)G, Rt 1, @, 2) - k()G,
h(t, 1, @, 2) = B, (NG, eylt, T, @, 2) — e4(r)G,
ve(t, 15 @, 2) = Uy(r)G,

where G = exp(wt + ikz), w is the complex frequency (unknown eigenvalue), and k is the wave
number, i.e., the problem concerning the stability of the electric arc relative to symmetri-
cal perturbations is being studied. In formulas (1.4), the subscripts r, ¢, and z denote
the projections of vectors on the corresponding coordinate axes. Substituting expressions
(1.4) into Egs. (1.3), we obtain two independent systems of equations, '
; 72 1[4 (%] _ 2.
. pavy = — E?Sch, - T{r—z [r3p. (T) ] — k-,wq,},

(1.5)
ikeg =0, —(rh,) = —ikh,, h}— ikh,+ ce,=0;
p' = —pov — E*S [Il(oe + %%,9) -+ ch] +
s oo~ oo
—-:— (ruw’y = Ppow — Pk?p — PSE*R*Hh - k? ——:— (ruv) +-
| + —g—-kzpw—-%kzu—i—(fv)’, (1.6)

1 , o
+ (rpv)’ = 7 — pw,
Loy = (”PT"“’ X k2) 0 4 cppT'v — E* (2oe +-L j_;’,;e),

'3

1o, 2
L [69, e::—"—h:
o

1 o 1 do
—r—(rh) =0e + - -

here and in the future, the primes denote the derivative with respect to r.

For the last three equations of system (1.5), if we assume the boundedness of the func-
tions at zero and at infinity, ther generally only a trivial solution exists. It can also '
be verified that w < 0 for the first equation of system (1.5), i.e., the electric arc is sta-
ble relative to those perturbations related to the system of equations (1.5). Therefore,
in the future we shall be concerned with the study of the system of equations (1.6).

Assuming the boundedness of the functions at zero, and also that the boundary of the
channel is an impermeable, non-current-conducting surface with a constant temperature, we

write the boundary conditioss for the system of equations (1.6) in the form
v=w'=eI=’ :O for r:O" (17
v=w=0=h=0 for r =1. -7

Thus, a boundary-value problem in eigenvalues has originated, i.e., a value of should be
found for which there is a nontrivial solution of the problem (1.6), (1.7). Having deter-
mined w, the stability can be judged from the real part: For w, = Re(w) > 0, the perturbations
increase with time, while for y, < 0 they attenuate. We note that, in the first place, the
system of equations (1.6) allows a reduction of order [for example, v' can be determined from
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the third equation of system (1.6) and can be substituted into the first equation] and, sec-
ondly, the problem (1.1), (1.2), (1.6), (1.7) is symmetrical relative to E and k; also, if

w = w, + iwj is an eigenvalue of the problem (1.6), (1.7), then u = w, — iw; also is an ei-
genvalue.

It will be advantageous to construct the spectrum of the eigenvalues of the problem
(1.1), (1.2), (1.6), (1.7) in the range of measurement of the parameters E, k, S, and P where
this spectrum can be determined. Obviously, the most successful region for constructing the
spectrum of the eigenvalues is the region where E*? << 1 and k2 << 1.

§2. We shall undertake the investigation of the stability of the electric arc for k? <<
1. We shall find the solutions for the eigenfunctions and eigenvalues of the problem (1.6),
(1.7) in the region of k? << 1 in the form of power series with respect to the small parame-
ter k*:

p = (1/PE)p, + F*p, + F'p; + . . ),

v=(UoMv, +Fv, +...), w=wy + Fw, +...,
0=0, /0, +...,e=¢, + k% +...,
B=hg+ I+ ..., @ = 0 + Ko, + . ..
Substituting expansions (2.1) into problem (1.6), (1;7); after simple transformations

in the zero approximation with respect to k?, we obtain the following system of equations
(the subscript zero is omitted):

2.1)

p'=0, (4/r)(rpx’y = p + Popw,

% (roy = 20— pw,

AT
1 7 1 d " (2.2)
Loy =229 —{—cpT'v—-Ez(%e—er—To-G),
1 r_ i do o
—;—(rh) -—-Ue—{——x-ﬁ,e, e =0

with boundary conditions (1.7).

In the region of E® << 1, there are two versions of the construction of the expansion
of the eigenfunctions and eigenvalues of problem (2.2), (1.7) with respect to the small pa—
rameter EZ2: :

version 1,
P =po+ Ep + E%p, + . . ., v=uyy +~E% + ...

2.3
w=wy+ Ew, +...,0=0,+E», ... (2.3)
hzho—l—E%l—{—...,e=eo—!—E2e1+...,
0 = @y + Eo, +...: ~
rsion 2
ve ’ P=po+E2P1+E4P2+---sU=Uo+EZU1+---s
w=uw, + Etw, + ... 0 = E*®, + E®3, + .. ), {(2.4)

h = Ehy + E*hy + .. .), e = E?(e, + E%, 4 .. ),
o = (1/P) 0y + E*0; + .. .).

Substituting expansions (2.3) and (2.4) into problem (2.2),(1.7), we obtain in the zero
approximation with respect to E? (taking into account the expansion of the unperturbed solu-
tion with respect to the parameter E®) two boundary-value. problems in eigenvalues, from which
two eigenvalue spectra can be determined. The first spectrum, related to expansion (2.3), is
determined by the formula we = ‘Y;, while the second spectrum, related to expansion (2.4),
is determined by the formula o = —ﬂ&, where y, and A, are the positive roots of the equa-

tions Jo(yn) = 0 and AnJo(An) —-ZJI(An) = 0 (Jo and J; are Bessel functions), numbered in
ascending order.

The eigenvalues of the problem (2.2),(1.7), determined for E2 << 1 by the approximate
formulas (2.3) and (2.4), were extended numerically from the region of small electric field

strengths to the region of realistic strengths (i.e., those values of E for which the wall
temperature is considerably less than the temperature on the axis) with simple dependences
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of u, Cp» A, and ¢ on the temperature,
M=CP=A/=1,0'=T1 (2-5)
and for different values of the viscosity parameter P.

It was found that the real part of the eigenvalues is everywhere less than zero. Then,
for a fixed value of E = 2.35 (which corresponds to a wall temperature of Tp = 0.03), the
eigenvalue spectrum was investigated when P was varied from 0 to «». It was found also in
this case that the real part of the eigenvalues is everywhere negative, i.e., the electric
arc is stable relative to perturbations with an arbitrarily small wave number. At the same
time, as follows from [2], in the case when there is no viscosity (ideal fluid), instability
relative to long-wave perturbations originates if E > 2.15.

§3. The eigenvalue spectrum of the problem (1.6), (1.7), taking account of Egs. (2.5),
(1.1), and (1.2), obtained in the region of k® << 1, was extended into the region of large
wave numbers for E = 2.35 and for different values of P and S. It was found that if the
product PS > 4.2¢10%, then instability originates with an increase in wave number, but as
k + o, the instability disappears; i.e., the electric arc is stable relative to perturbations
having both arbitrarily small and arbitrarily large wave numbers. Further, when considering
the stability of the electric arc without taking account of viscosity, it was found under
similar conditions that the arc is unstable over the whole range of wave numbers (see [3]).

In Fig, la, the neutral curves (curves separating the stable regions from the unstable
regions) of PoSy = PoSo(k) are drawn, while in Fig. 1b the curves of w, = wg(k) (the sub-
script e denotes neutral parameters, i.e., parameters for which w = iwj = iwe) are drawn for
different Stewart numbers (curves 1-3 are for S = 10%, 2,610%, and 10%), The complex Pese
is plotted along the ordinate axis, since in the case w = iw; = iwg =0 the criterion of _
stability is the product PS. For a fixed Stewart number, the neutral curve can be determined
in the following way. Moving along branch I in the direction shown by the arrow, transfer
to branch II (branches I and II of the neutral curves are constructed for the case when w, =
0, and, therefore, they occur for any Stewart number) and continue up to the intersection
with the curve corresponding to the required Stewart number; then a turn to the right is made
and movement is continued along this curve. With the movement given in this way, the region
of instability is found on the left-hand side of the neutral curve.

The neutral curves in the limiting cases of very small and very large Stewart numbers
were calculated. For S << 1, the asymptotic expansion with respect to the small parameter S
can be constructed:

p=8S(py+Spy +8p,+..), v=v,+Sn, + ...,
=y +Swy 4+ ..., 0=0,4+5%+..., (3.1)
h=hy+Sh 4+ ...,e=¢ +Se + ...
0= S(wgy + Swg T ...), Po= (1/S)(Pyy + SPy + .. ).

Substituting expansion (3.1) in the problem (1.6), (1.7), we obtain the following system
of equations in the zero approximation for the neutral oscillations:

p = —ipo,p— E? [H (oe - —i—%’, 0) 4+ O'h] +

+5- {_3“ (r’)’ —n (72? + 12> v+ — o [‘u (_rl— (ro) =+ w)]’}’

e
g R — R0 (3.2)
%("Pv)' = — pWw,
% (r®) = cppT’v 4- k*0 — E® (203 + _;ng; e),
':—("h)' = o€ + —i-g—;ﬁ, e = %{h
(the subscript zero is omitted) with the boundary conditions (1.7). The neutral curves for

the problem (3.2), (1.7), calculated over a wide range of variation of the wave number, are
shown in Fig. la, b by curve 0.
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Fig. 1
In the region of § >> 1, the expansion of the eigenfunctions and eigenvalues of the prob-
lem (1.6), (1.7) with respect to the small parameter 1/S can also be constructed. For neu-
tral oscillations, these expansions appear as follows:

1 1 1
P:S(Po".—-S—Pl'F—S‘i Pz-r---)q V=V gt

1 1
w=wo+-s—wl—}—..., 9=90+?91+..., (3.3)
1 i
h:ho+—§-hl—{—..., e=¢+—ge+...,
i \ 1 1
(ﬂe:ﬁ)eo—{—Tmel—f—*..., Pez-s—(Peo+—s—Pei+.-.).

Then substituting expression (3.3) into the problem (1.6), (1.7), we obtain in zero approx-
imation with respect to l/Sr (omitting the subscript zero) the system of equations
. 1 d ) 1 2
p = —E2[H<qe 4 T%G) -4_—0h] —}—P—e {-—r—- (ruv’y —

3

2, , ’ 2 i ’ ’
SRR PRURE S W) (1
L (ruw'y = — k2P ,p — E2P JtHh — K2 (rpv)’ +

. 4 2 1 ’ 4
+ 5 Fuw — 5 BPp— (), (3.4)

1 , o, . ¢ ~r ioc.p ,
L ooy = —pw 3250, - ¢0Y =(252 1 1) 0 4 cppT0

— E? (206—{——;—’-3%6),

1 ’ 1 d %2

—(rk) =oe+—x—d—;;3, ¢ ==h
with the boundary conditions (1.7). For the problem (3.4), (1.7), the neutral parameters Pe
and W have been constructed as a function of the wave number. The results of the calcula-

tions are depicted in Fig. la, b (curve 4).

We shall call the values of the parameters PoS, and k satisfying the condition

P.S, = min [P,S.(k)] 7
the critical values and we shall denote them by the subscript c¢. The critical parameters
P.5, and k., have been constructed as a function of the radius of the arc ry for a fixed wall
temperature. In this case, A, p, and c_, as before, were assumed to be equal to unity, and
o was assumed to be a piecewise~linear function of temperature:
nw=>A=cp=1,

T—T, . . .

g for T > Te(r<re),
1—7, :

0 for T<To(r>rq),
where Tcr is the temperature below which the electrical conductivity is equal to zero.

g =

449



LS, a ke 5

3,5
; N\

4-10 \ 3,0 N |

2,5
0 a5 1.0r
2-10° \ /
e N g

0 05 1014

Fig. 2

Figure 2a shows the value of the critical complex as a function of the radius of the
arc ry, and Fig. 2b shows the corresponding critical wave number k. (the wall temperature in
this case is equal to 0.03). As ry; + 0, the value of the complex P.S5. increases unrestrict-
edly, obviously, according to the law

P,S, = const/rz (1 — Tg)®.

The critical curves for Tp = 0.015 and 0.06 were also constructed, but they differed from the
curves shown in Fig. 2a, b by not more than 8%.

For the numerical calculation, the range of integration was divided into two regions:
an electrically conducting region (0 < r £ ry) ‘and a nonelectrically conducting region (r0 <
r < 1); the solutions constructed in these two regions were joined when r = r . The methods

. . . o
described in [4] were used in the calculations.

In conclusion, we note the following:

1) The viscosity proves to be a stabilizing influence (especially in the region of very
small and very large wave numbers);

2) the criterion of stability is the product PS, the critical wave number varies only
slightly (from 2.6 to 4.1) with a decrease in the radius of the arc from 1 to 0.01, and for
this the phase velocity is equal to zero;

3) the model of an ideal liquid when investigating the problem of stability of an elec-
tric arc is applicable almost always, with the exception of a region of very small and very
large wave numbers,
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